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Abstract 
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Throughout, an associative algebra always means an associative algebra hav- 
ing an identity, a homomorphism from an associative algebra to an associative 
algebra always preserves the identity, and all vector spaces are finite-dimensional 
vector spaces over a field k. 

Let V be a vector space, and let End(V) be the associative algebra of all 
linear transformations from V to V. It is well-known that End(V) is a Lie 
algebra with respect to the following bracket [ , ] 

[f,g]~fg-9f for /, 9 € End(V). (1) 

This Lie algebra is denoted by g£(V). In this paper, the bracket defined by (JlJ 
will be called the ordinary bracket, and a homomorphism from a Lie algebra C 
to the Lie algebra gi(V) will be called an ordinary representation of the Lie 
algebra £ on V . The ordinary representation theory of reductive Lie algebras 
has been studied successfully for a long time, but the ordinary representation 
theory of non-reductive Lie algebras is still beyond reach. Based on the fact 
that a non-reductive complex Lie algebra does not have a faithful ordinary 
finite-dimensional irreducible representation, we know that if / : C — > g£(V) is 
a faithful ordinary finite-dimensional representation of a non-reductive complex 
Lie algebra C, then all linear transformations f{x) with x G C have a non-zero 
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proper common invariant subspace W of V. In other words, the image of any 
faithful ordinary finite-dimensional representation of a non-reductive complex 
Lie algebra is inside the subalgebra End w {V) of End(V), where W is a non- 
zero proper subspace of a vector space V and End w (V) is the set of all linear 
transformations from V to V which have W as an invariant subspace, i.e., 

End w (V) :={/|/e End(V) and f(W) CW}. 

Although every non-reductive complex Lie algebra has a faithful ordinary finite- 
dimensional representation, it is a very difficult problem to construct these 
faithful ordinary finite-dimensional representations for non-reductive complex 
Lie algebras. Since it does not appear that the solution to the difficult prob- 
lem will soon be found, we search for the new way of representing Lie algebras 
faithfully by using linear transformations. 

Except the ordinary bracket, there are other brackets which make End w (V) 
into a Lie algebra. In fact, if we fix a scalar k £ k and a linear transformation 
q satisfying 

q(W) = and q(v) - v e W for all v G V, 

then End w (V) becomes a Lie algebra with respect to the following square 
bracket [,]e,k 

[f, g}e,k ■= fg - g.f - fgq + gfq + kfqg - kgqf, (2) 

where /, g s End w (V). This Lie algebra is denoted by g^ q ^ k (V). Replacing 

g£(V) by g£\j]w k (V) 7 we get the notion of representations 6- * 71 of Lie algebras, 
which is the new representations of Lie algebras introduced in this paper. Using 
representations 6- *' 1 of Lie algebras seems to be a good way of representing non- 
reductive complex Lie algebras with Abelian radicals faithfully by using linear 
transformations which have a non-zero proper common invariant subspace. 

The Poincare-Birkhoff-Witt Theorem (P-B-W Theorem) and the Hopf al- 
gebra structure for the enveloping algebras of Lie algebras are of great impor- 
tance to the ordinary representations of Lie algebras. To initiate the study of 
representations 6- *'' of Lie algebras, it is natural to study the counterparts of the 
P-B-W Theorem and the Hopf algebra structure for the enveloping algebras of 
Lie algebras in the context of representations 6- *' 1 of Lie algebras. The purpose 
of this paper is to present our results in this study. 

This paper consists of seven sections. In section 1 and section 2, based 
on a class of associative algebras which are called invariant algebras by us, 
we introduce the notion of representations 6- *' 1 of Lie algebras, and give the 
connections between representations 6- *' 1 and the ordinary representations of Lie 
algebras. From section 3 to section 5, we construct the enveloping 6- ** 1 algebra 
of a Lie algebra by using free invariant algebras. In section 6, we prove the 
extended P-B-W Theorem in the context of representations 6- *' 1 of Lie algebras. 
The last section is devoted to the discussion of the Hopf-likc algebra structures 
for the enveloping 6- ** 1 algebras of Lie algebras. 
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1 Invariant Algebras 



We begin this section with the notion of invariant algebras, which comes from 
our search for the generalizations of Lie algebras. The most important exam- 
ple of invariant algebras is the subalgebra End w (V) of the associative algebra 
End{V). 

Let A be an associative algebra with an idempotent q. The set 



is clearly an associative subalgebra of A. The associative algebra (A, q) is called 
the (right) invariant algebra induced by the idempotent q. One property of 
invariant algebras is the following 

Proposition 1.1 If q is an idempotent of an associative algebras A, then (A, q) 
becomes a Lie algebra under the following square bracket 



(A, q) := { x, | x 6 A and qxq = qx } 



(3) 



[x, y]e,k ■= xy-yx~ xyq + yxq + kxqy - kyqx, 
where x, y 6 (^4, q), and k is a fixed scalar in the field k. 



(4) 



Proof By © and (g]), we have 



[[x,y] 6 , k ,z] 6 ,k 




(5) 



where [, ] is the ordinary bracket. 
It follows from ([S]) that 



[[V, Z]6,k, X]6,h 



[[y,z],x] - 

+ k 2 yqzx 

50 



[[y,z],x]q + 

■ k 2 zqyx — k xqyz + k 2 xqzy 

4© l|5j 60 



(G) 




and 



[[z,x] 6tk ,y]6,k 




(7) 



Adding ©, © and ©!, we get that 

[[x,y] 6 ,k,z]e,k + [[y,z]6,k,x]6,k + [[z,x]6,k,yh,k 
This completes the proof of Proposition 11.11 



0. 



□ 



Wc finish this section with the following 
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Definition 1.1 Let (A,q A ) and {B,q B ) be invariant algebras. A linear map 
<fi : (A,q A ) — > (B,q B ) is called an invariant homomorphism if 

4>{xy) = <j>(x)(j»(y) for x, y E (A,q A ) 

and 

<? !, ( 1 a) = 1 b . <j>(q A ) = ?b> 

where 1 A and 1 B are the identities of A and B, respectively. A bijective invariant 
homomorphism is called an invariant isomorphism. 



2 The 6-th General Linear Lie Algebra 

We introduce the notion of representations 6- " 1 of Lie algebras by using invariant 
algebras. A representation 6- '^ of a Lie algebra L on V is roughly a combination 
of two ordinary representations of the Lie algebra L on V. We finish this section 
with the connection between representations 6- *' 1 and the ordinary representa- 
tions of Lie algebras. 

Let End(V) be the associative algebra of all linear transformations from a 
vector space V to V, and let I (or Iy) be the identity linear transformation of 
V. If W is a subspace of V, then an linear transformation q satisfying 

q(W) = and(g-7)(y) C W (8) 

is an idempotent because 

q 2 {v) - q(v) = q{q - I)(v) G q{W) = for all v € V. 

An element q of End(V) satisfying © is called a 14^-idempotent. 

It is clear that the invariant algebra (End(V), q) induced by the VF-idempotent 
q is the set End w (V) of all linear transformations on V which have a common 
invariant subspace W, i.e., 

(End(V),q) = {f\f E End{V) and f(W) QW}. (9) 

The invariant algebra (End(V), q) is called the linear invariant algebra over 
V induced by the W-idempotent q. 

By Proposition ll.il (End(V),q) becomes a Lie algebra under the following 
square bracket: 

[x, y]e,k = xy -yx - xyq + yxq + kxqy - kyqx (10) 

where x, y E (End(V), q) and k is a fix scalar in the field k. The Lie algebra 
is denoted by g^ q ]^ k (V) and is called the 6-th general linear Lie algebra 
induced by (q, W). Having fixed a basis of V: 

a basis of W 
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we identify an element of x 6 End q> w{V) with a lower triangular block matrix: 








-Bm X n 


Cm x m 



where B mxn G M mi „(k) and M mi „(k) is the ordinary associative matrix algebra 
of to x tt, matrices whose entries are in the field k. In particular, there exists a 
r mxi! e M m ,„(k) such that 



(11) 



■*n X n 





^mxn 






where I n xn is the n x n identity matrix 



Q&n.rn (k) '. — 



is a Lie algebra under the following square bracket: 



that 






A 


W) 


A e M„, n (k), 


B 




S g M m ,„(k), C 6 M m , m (k) 



A x 





B x 


C x 



Ay 





By 





(12) 



(13) 



J 6,fe 







kB x Ay kByA x + kC x TAy — kCyT A x C X CyT + CyC X T [C X , Cy] 

where [A x , A y ] := A x A y — A y A x is the ordinary square bracket. This Lie algebra 
^<?^njn fc (k), [, ]6,fc) is called the 6-th general matrix Lie algebra. 

Definition 2.1 Let W be a subspace of a vector space V over a field k and let q 
be a W -idempotent. A Lie algebra homomorphism cp from a Lie algebra (£, [, ]) 
to the 6-th general linear Lie algebra gl\j (V) is called a representation 6- *' 1 
of C on V induced by (q, W). 

A representation 6 "" 1 of a Lie algebra C is closely related to two ordinary 
representations of C In fact, if ip : C — > g£ q \w(V) is a representation 6- *' 1 of 
a Lie algebra £, then both / : C — > g£ (^) and g : C — > g£ (W) are ordinary 
representations of the Lie algebra £, where / and g are defined by f(x)(v+W) := 
ip(x)(v) + W and g(x)(w) := tp(x)(w) for x G C, v G V and w G W . Also, we 
have the following 

Proposition 2.1 Let (£, [, ]) be a Lie algebra over a field k. If ip : L —> 
g£ q 'w k (V) is an representation 6 ~ th of C induced by (W,q), then f and g are 
two ordinary representations of the Lie algebra C on V , where 



fix) — <p(x) + kqip(x) — (p(x)q and g(x) — kip(x)q 



(14) 



for x G C. 
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Proof Note that qip(x)q = qf(x) for x S L. We now prove that / and g are 
two ordinary representations of the Lie algebra C on the vector space V. 

For x, y £ C, we have 

[f(x)J(y)\ 

= <p(x)<p{y) - <p(x)<p(y)q + k 2 q(p(x)<fi(y) - <p(y)<p(x) + 
+(p(y)(p(x)q - k 2 qif(y)ifi(x) = f([x,y]), 

which proves that / : L — > g£(V) is an ordinary representations of C. 
Similarly, we have 

9([x,y}) = k<f([x,y])q = k[ip(x),ip(y)] 6yk q 
= k(kLp(x)qip(y) - ktp(y)qtp(x)) = ktp(x)q ■ ktp(y)q - ktp(y)q ■ ktp(x)q 

= g(x)g(y) - g{y)g{x) = [g(x),g(y)], 

which proves that g : C H» g£(V) is an ordinary representations of C. 

□ 

3 Free Invariant Algebras 

Let (A, q) be an invariant algebra, and let i be a map from a set X to (A, q). 
The pair ((A, q),ij is called the free invariant algebra generated by the set 
X if the following universal property holds: given any invariant algebra (A, q) 
and any map 8 : X — > (A, q) there exists a unique invariant homomorphism 
9 : (A, q) — > (A, q) such that Oi = 8; that is, the following digram is commutative 

(A,q) A (A,q) 
i 8 

X = X 

The free invariant algebra generated a set is clearly unique. 

We now construct free invariant algebras over a field k. Let X := { Xj \ j G 
J } be a set, and let q be a symbol which is not an element of X. Let T(V) be 
the tensor algebra based on a vector space V, where V = kxj kq is the 

vector space over k with a basis X {J{q}- Recall that the tensor algebra T(V) 
has the universal property: given any associative algebra A over k and any k- 
linear map <f> : V — > A, there exists a unique associative algebra homomorphism 



G 



TCV) — > A such that the following digram is commutative 

V T(F) 



A = A. 
Let / be the ideal of TCV) generated by 

{ q <E> q - q, q ® a <g> q - q <g> a\a £ T(V) }. (15) 

TCV) 

Let A := — - — and q := q + I. Then (A, q) is an invariant algebra. 

Proposition 3.1 The pair ((A, q), ij is the free invariant algebra generated by 
the set X = {xj \j e J}, where the map i : X — > ^(A, q), ij is defined by 

i(xj) := xj + I for j € J. (16) 

Proof Let (^4, q) be an invariant algebra and let 9 : X — > (A, q) be a map. Then 
9 can be extended a k-linear map from V to (A, q) such that 

9{q) = q. (17) 

By the universal property of the tensor algebra T(V), the k-linear map 9 : V — > 

{A,q) can be extended to an associative algebra homomorphism 9' : T(V) ~ > 

(A,q) satisfying that 9'\I = 0. Hence, 9' : T(V) — > (A,q) induces a homomor- 

~ - TCV) 
phism 6 : A = — j-^- -> (A, q) such that 

9{q) = 9'{q) = 9(q) = q (18) 

and 

(6i)(xj) = 9{ Xj +I) = 9'(xj) = 9{ Xj ) for j e J. (19) 

By ([TH]) and ([TO)) . 9 : (A.q) — > [A, q) is an invariant homomorphism such that 
9i = 9. Since the associative algebra A is generated by the set 

{1 :=! + /, q, i( Xj )\jeJ}, 



the invariant homomorphism 9 satisfying (|18p and (|19p is unique. This proves 
that the pair (^(A, q), ij has the university property of the free invariant algebra 
generated by the set X 

□ 

Let £j := i(xj) = xj + 1 for j 6 J. The product of two elements a and b of 
(A, q) will be denoted by ab. The next proposition gives a basic property of the 
free invariant algebra ((A, q), ij generated by the set X. 
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Proposition 3.2 The following subset of ^(A,q),ij 



{ x h 



31 ' ' ^Jn 



}QX, 



m E Z>i, m>t>0 



S . ^ 1, q, Xj 1 • • • Xj m , Xj 1 • • • x j t qx j t+l • • • Xj 
is a k-basis of the vector space (A,q). 

Proof First, we construct a vector space W with the following k-basis: 
S : ^ 1, q, Xj 1 ■ ■ ■ Xj m , Xj 1 ■ ■ ■ Xj t qxj t+1 ■ ■ ■ Xj 

Recall that the set 

S := { 1, yi <£> ?/2 ® • • • <S> y n I Vi G X [j q and n G Z>i } 



{ X jl 7 ' ' ' 7 •Ejl } — X, 

m E Z>\, m > t > 



is a k-basis of the tensor algebra T(V) = T kxj k<? . 



.3<BJ 



We now define two degrees of an element in S as follows: 
deg x (1):=0, deg 9 {l) := 0, 

<% x (j/i ® • • • ® J/n) == |{ J/» 1 2/i S X for n > i > 1 }| 
de 9 9 (Vi ® • • • ® ?/«) := |{ J/i 1 2/i = q for n > i > 1 }| , 

where |A| means the cardinality of a set A. It is clear that 

deg x {yi ® ■ ■ • ® y n ) + deg^yi ® ■ 

Using the k-basis S of T(V), we have 

T(y) = 0T m and T ro = 0T ro , t , 



1 2/nj = n. 



m>0 



t>0 



where 



kj/i ® • • • ® y n 

deg s (yi ® • • ■ ® y n ) = m, 

Vt^X{Jq 

kj/i ® • • • ® j/„ 

deg x {yi®---®yn) = t, 

Vt£X\Jq 



Thus, we get 



^(V) = T Ti T m , t (as k-vector spaces). 



. m>2,t>0 
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Next, we define a linear map r : T(V) — > T(V) by 

r|(T o 0T 1 ) :=zd 

and 

r |T m) t : T m , t Ti it for m > 2 and i > 0, 

where r |T m> t is denned by the rule: for yi (g> • • • (g> y n 6 r m t with m > 2 and 
t > 0, r(?/ 1 ® ■ • • ® y n ) e T l f is the element obtained from y\ ® ■ ■ ■ ® y n by 
keeping the first q (the most left q) and deleting the other q's. For example, we 
have 

r(xj t ® q® Xj 2 ® q® Xj 3 ) := 

* v ' V v ' 

It is in T 2 ,2 It is in T 1; 2 

Finally, using r, we define a linear map a : T(V) W by 
<t(1) := 1, a(q) := if, 

s ' 

It is in To and m > 1 

fJ ( a; ji ® • • • 2Cjt ® 9 ® 3Cfj t+1 ® • • • <8> ^j m ) '■— Xj 1 ■ ■ ■ Xj t qij t+1 ■ ■ ■ Xj m 

" . 

It is in T\ and m > 1 

and 

a \T m<t := {a \T t ) (r \T m<t ) for m > 2 and t > 0. 

It is easy to check that a (I) = 0. Hence, the linear map a : T(V) — > W 

T(V) 

induces a linear map a : (A, q) = — - > W such that 

v(l) = *(l) = l a(q) = a(q) := q, 

<r(xj 1 ■ ■ ■ Xj m ) = a(xj 1 ® ■ • • ® Xj m + I) = <r{xj 1 ® ■ ■ ■ ® Xj m ) = x j 1 ■ ■ ■ Xj m 
and 

a(x h ■ ■ ■ x jt qx jt+1 ■■■x jm ) = a{x n ®---x Jt ®q® x jt+1 <g> • ■ • x jm + I) 
— (j(^Xj^ ® • ■ • Xj t ® q ® Xj t ^^ ® ■ ■ ■ Xj m ) — Xj^ ' • • Xj t qXj t ^^ ■ ■ • Xj m 5 

that is, a(S) = S. Since S is a k-basis of the vector space W, the set S is k-linear 

T(V) 

independent. Since (A,q) = — - — is clearly spanned by S, Proposition 13.21 is 
true. 

□ 
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4 Enveloping 6 Algebras 

Let (A,q) be an invariant algebra. By Proposition ll.il ((A, q), [, ]6,feJ is a Lie 

algebra, where k is a fixed nonzero scalar in k and [ , ]e,k is the following square 
bracket 

[x, y]e,k =xy -yx- xyq + yxq + kxqy - kyqx for x, y e (A, q). (20) 

This Lie algebra is denoted by Lie(A, q) or Lie({A, q),[, ]e,kj ■ in the remaining 
part of this paper, we assume that the scalar k is a fixed non-zero scalar in the 
field k. 

Definition 4.1 Let (C, [ , ]) be a Lie algebra (arbitrary dimensionality and char- 
acteristic). By a enveloping 6- *' 1 algebra of (£,[, ]) we will understand a 

pair (fU,q),l\ composed of an invariant algebra iU,q) together with a map 

i : C — > (IA, q) satisfying the following two conditions: 

(i) the map i : (£, [,])—> Lie(^(lA, q), [, ]6,fcJ *s a Lie algebra homomorphism; 

that is, i is linear and 

i(l x > y]) = %)kfc = i(x)i(y) - i(y)i(x) + 

-i(x)i(y)q + i(y)i(x)q + ki(x)qi(y) - ki(y)qi(x) for x, y € C, 

(ii) given any invariant algebra (A, q) and any Lie algebra homomorphism f : 

(£, [, ]) — > Lie((A,q),[, ]e,fe^ there exists a unique invariant homomor- 
phism f : (U, q) —> (A, q) such that f = f'i; that is, the following diagram 
is commutative: 

(U,q) ^ (A,q) 
i f 

C = L. 

Clearly, the enveloping 6- " 1 algebra of a Lie algebra £, which is also denoted 
by (U e ~ th (C),q), is unique up to an invariant isomorphism. 

We now construct the enveloping 6- " 1 algebra of a Lie algebra (£, [ , ]) over 
a field k. Let X = {xj | j 6 J} be a basis of (C,[, ]). Let ((A, q),ij be 

the free invariant algebra generated by the set X. By Proposition 13.21 X := 
{ £j :— i(xj) | j G J } is a linearly independent subset of (A, q). Hence, i can be 
extended to an injective linear map i : C —5- [A, q). Let x :— i{x) for all x G C. 
Let R be the ideal of (A, q) which is generated by all the elements of the form 

[x, y] — xy + yx + xyq — yxq — kxqy + kyqx, 
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where x, y G £ := i{£)- Let 

U ■= 

R 



W:=4> Q-=9 + R- (21) 



Define a map i : £ —> (U,q) by 

i(x):=x + i? for x 6 £. (22) 

We shall now prove 

Proposition 4.1 The pair l(JA,q),i\ defined by 121]) and \22}) is an 



enveloping 6 th algebra for the Lie algebra (£, [ , ]) 

Proof Clearly, (jJJ, q)j is an invariant algebra induced by the idcmpotent q, 
and i : (£, [,])—> Liel (U, q), [ , ) is a Lie algebra homomorphism. 



Given any invariant algebra (A, q) and any Lie algebra homomorphism / : 
(£, [,])—> Lie((A, q), [, ]e,fcY We are going to construct an invariant homo- 
morphism /' : (U, q) — > (A,q) such that / = f'i. By Proposition 13.21 the 
set 

{ X jl I ' ' ' I X jm } — ^1 

X jl ' ' ' -EjiQ X jt + 1 ' ' ' X j 



m e Z> , m>t>0, } (23) 
u = 0, 1 



is a basis of (A, q), where q° :— 1 is the identity of (A, q), and 

( q u if m = 0, 

%1 ' ' ' %t+l ' ' ' X jm '■— \ Q U £jl ' ' ' X jm if 4 = 0, 

y ij 1 ■ ■ ■ £j m q u if t = m. 

Hence, we can define a linear map / : (A, q) — > (A, q) by 

f(x h ■ ■ ■ x jt q u x h+1 ■ ■ ■ x jm ) := f{x h )- ■ ■ f{x Jt )q u f{x n+1 ) ■ ■ ■ f(x jm ), (24) 

where u = 0, 1 and q° :— 1 is the identity of (A, q). 

It is clear that / : (A, q) {A, q) is an invariant homomorphism and 
f(R) = 0. Thus, / : (A,q) —¥ (A,q) induces an invariant homomorphism 

/' : = ^, q := q + R*J -)■ (A,q) such that 

f'(a + R) = f(a) foi a £(A,q). 
Using the equation above, we have 

f'i{x) = f'(x + R) = /(f) = f(x) for x e £, 
which proves that f'i = f. Since the invariant homomorphism /' satisfying f'i = 
f is unique, the pair (jU,q),i^j satisfies the two conditions in Definition 13.11 



Hence, Proposition 14. II holds. 

□ 
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5 Model Monomials 



Let X = { Xj ; | j S J } be a basis of a Lie algebra (£, [ , ]), and let f (v4, q), i\ be 

the free invariant algebra generated by the set X. By Proposition ^. 2[ the set S 
given by (|23p is a k-basis of (^4, q). An element of S 1 is called a monomial. The 
A-degree and the g-degree of a monomial Xj 1 ■ ■ ■ Xj t q u Xj t+1 ■ ■ ■ Xj m is defined 

by 

deg x (xj 1 ■ ■ ■ Xj t q Xj t+1 ■ ■ ■ Xj m ) '■= to 

and 

{(t,m — t) if u = 1 and 

m > t > 0, 
(m + 1,-1) iftt = 0. 

For rn s 2>o, the set { (t, to — f) | m + 1 > t > } is ordered as follows: 

(0, m) < (1, to - 1) < • • • < (to, 0) < (m + 1, -1). (25) 

We suppose now that the set J of indices is ordered. The right index 
ind r (xj 1 ■ ■ ■ Xj t q u Xj t+1 ■ ■ ■ Xj m ) and the left index ind[{xj 1 ■ ■ ■ Xj t qxj t+1 ■ ■ ■ Xj m ) 
of a monomial Xj 1 ■ ■ ■ Xj t qxj t+1 ■ ■ ■ Xj m are defined as follows: 



% Tl d/y (^X j ^ * * * X *^ Jt-\-i ' ' ' 3 m ) ' — ^ 



rn > /c > i > 1 
„ m>k>i>t+l 



if u = 



if u = 1 , 



and 



r o, 



ind e (x h ■ ■ ■ x jt qx n+1 ■ ■ ■ x jm ) := < 



if 2 > t > 



?7ifc if t > 3, 
k t-i>fc>i>i 



where 



and 



Let 



T 



Vik ■- 



if i < k and jk > ji , 

1 if i < k and ji > jk 



Y Vik ■= if 1 > \p, - p 2 

p 2 >k>i>p 1 



qx n 



■ X 



3» ' 



Xi 1 ' ' ' Xi t Xj o qXj 1 • • ' Xj^ , 
X i , ' ' ' X i 



"31 ^Jm 

An element of T is called a model monomial. 



{ Xi x , • • • , , Xj , , • • • , Xj m } CI A, 
it > ■■■ > h, jrn > ■ ■ ■ > jl > jo, 

t, me Z> 
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Proposition 5.1 Every element of (A,q) is congruent mod R to a h-linear 
combination of model monomials. 

Proof It suffices to prove that 

every monomial whose X -degree equals to is congruent modR to 

a \i-linear combination of model monomials for any to £ -Z>o- (26) 

We order the monomials in S by X-degrees, for a given X-degree by q- 
degrees, and for a given X-degree and a given g-degree by left or right indices. 
Note that 

m+1 

(A,q)= Am and 4=®^' 

where A m is the subspace spanned by the monomials whose X-degree is to, and 
Am™ 1 is the subspace spanned by the monomials whose X-degree is to and 
whose g-degree is (£,to — t). For convenience, if a £ (A,q) and a is a sum of 
some monomials whose X-degrees are to, we also say that the X-degree of a is 
m . 

We now begin to prove (|26|) by induction on to. It is clear that (|26[) holds 
for to — or m — 1 because a monomial whose X-degree is or 1 is a model 
monomial. Assume that 

\2&f) holds for any monomial whose X-degree 

is less than m with m £ Z> 2 - (27) 

We are going to prove that (|26p also holds for any monomial whose X-degree is 
m. First, we prove that 

&26\) holds for any monomial whose X-degree is m and 

whose q-degree is (0, to). (28) 

A monomial whose X-degree is to and whose g-degree is (0, to) has the form 
n . We use induction on n := ind r (qxj 1 ■ ■ -Xj m ) to prove (|26p . Clearly, 
holds for n — 0. Assume that 

128(1 holds for any monomial qxh t ■ ■ • Xh m with 

indriqih! ■ ■ - % m ) < n and n £ Z>i. (29) 

Consider any monomial with ind r (qxj 1 ■ ■ ■ Xj m ) — n. Since n > 1, 

there exists m> s + 1 > s > 1 such that j s > j s +i- For x, y £ (£, [ , ]), we have 

q y] - [x, y]6,k) = q[x, y] - kqxy + kqyx 

or 

qxy=-q[x,y\ + qyx(modR), (30) 
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where [x,y\:= [x,y]. It follows from (|30|) that 



1 (^^js^ja+lj' 



qxj 1 ■ ■ ■ Xj m — qxj 1 ■ ■ ■ Xj s l \qXj B Xj s+1 jXj s+2 

' • • Xj s _ 1 ■ [Xj s , Xj s +1 J ■ Xj s 



+ qxj 1 ---x ja _ 1 (x js+1 Xj s Jx js+2 ---x jm (modR). (31) 
HJ 2 



Since the A-degree of the term ([3T|) i is to — 1 < to, the term (|3T|) i is congruent 
modR to a k-linear combination of model monomials by (|27|). Since the right 
index of the term (|3"Tj)9 is n — 1 < n, the term (J3TJ) 2 is congruent modR to 
a k-linear combination of model monomials by (|2"5|) . Hence, (|31l) implies that 
any monomial gijj • • ■ x j m whose right index equals n is congruent mod R to a 
k-linear combination of model monomials. This completes the poof of (1281) by 
induction on n. 



By the proof of (|28|) . we have 

qx il ••■Xi w = qx jl ■ ■ ■ Xj m I mod ^ Ai J , (32) 

where m > w > 1, { ii, . . . , i w } = { ji, . . . , j w } and j w > . . . > j x . 
Similarly, we have 



holds for any monomial whose X- degree is m and 
whose q-degree is either (l,m — 1) or (2, to — 2). (33) 



We now prove that 



holds for any monomial whose X -degree is to and 
whose q-degree is (t, to — t) with to > t > 0. (34) 

By (J2SI) and ([33]), IJ3JJI holds for 2 > t > 0. Assume that 



ZioWs /or any monomial whose X -degree is to and whose 
q-degree is less than (t + 1, m — t — 1) wi£/i to > t + 1 > 3. (35) 



We are going to prove that 



\26\) also holds for any monomial whose X -degree is to and 
whose q-degree is (t + 1, m — t — 1) with to > t + 1 > 3. (36) 

Any monomial whose A-degree is to and whose q-degree is (t + l,m — 
£ — 1) with to > i + 1 > 3 has he form ^ • • • Xj t Xj t+1 qxj t+2 ••■Xj m with 
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to > t + 1 > 3. We shall prove (|3T>)) buy induction on the left index ng :— 
indi{xj l ■ ■ ■ Xj t Xj t+1 q£j t+2 • • where to > t + 1 > 3. It is easy to check 

that holds for any monomial whose X-degree is m, whose g-degree is 

(t + 1, m — t — 1) with to > i + 1 > 3 and whose left index is 0. Assume 
that 

i36}) holds for any monomial whose X-degree is m, whose 

q-degree is (t + 1, m — t — 1) with m > t + 1 > 3 and whose 

left index is less that ng, where ng £ Z>\. (37) 

If ng := indg(£j 1 ■ ■ ■ Xj t Xj t+1 qXj t+2 ■ ■ ■ Xj m ) > 1, where to > t + 1 > 3, then there 
exists s such that t>s + l>s>l and j' s > j s +i- Using 

xij = yx + [x, y]"+ xyq — yxq — kxqy + kyqx {modR) for x, y 6 £, (38) 

we have 

= £j 1 ■ ■ ■ Xj s _ 1 {xj s+1 Xj s )xj B+2 ■ ■ ■ Xj t Xj t+1 qXj t+2 ■ ■ ■ Xj m + 

V » ' 

+ Xj 1 ■ ■ ■ Xj s _ 1 ■ [xj s , £j s+1 ] ■ Xj s+2 ■ ■ ■ Xj t Xj t+1 qXj t+2 ■ ■ ■ £j m + 



J39j 2 

+ £j 1 ■ ■ ■ Xj s _ 1 (xj s Xj s+1 q)xj s+2 ■ ■ ■ Xj t Xj t+1 Xj t+2 



kxj 1 ■ ■ ■ Xj s _ 1 (xj B qXj s+1 )xj s+2 ■ ■ ■ Xj t Xj t+1 Xj t+2 



-\-kxj 1 ■ ■ ■ Xj s l (xj s+1 qXj s )xj s+2 ■ ■ ■ Xj t Xj t+1 Xj t+2 ■ ■ ■ £j 7l 



Since 
and 



(modR). (39) 
indg ( (|39P i ) = ng — 1 < ng, degx f (|39|) 9) = m — 1 < m 



(t + l,m-t- 1) > (s + l,m-s - 1) > degq (fU,) for 6 > i > 3, 

each term on the right hand side of (|39[) is congruent modR to a k- linear 
combination of model monomials by (|3"T)) . (p??| and (|3"5")l . This fact and (|39p 
imply that 

15*61) a/so ZioZiis /or any monomial whose X-degree is to, 
whose q-degree is (t + 1, m — t — 1) to > i + 1 > 3 and 
whose left index is ng with ng e .Z>i. (40) 
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This completes the proof of (j56")l . which implies that holds. 



Similarly, using induction on the right index, we have 



S26p holds for any monomial F whose X-degree is m 

and whose q-degree is [m + 1, —1). (41) 

By ([M]) and (gT|), we get that if {27]l holds, then ^ holds for monomial 
whose X-degree is m. This completes the proof of (j2"6")l by induction on to. 

□ 

6 The Extended 6 ~ th P-B-W Theorem 

Throughout this section, (£, [ , ]) is a Lie algebra over a field k, X = { xj \ j £ J } 
is a basis of (£, [, ]), (A, g) is the free invariant algebra generated by the set 
X, i is the injective linear map i : C (A, q) which extends the injective map 

X — > (A,q), and (^U,q),i^J is the enveloping 6- * 71 algebra for the Lie algebra 

(£,[,]), where 

U := — , q:=q + R, 

the map i : £ — > (U, q) is given by 

i(a;) := a; + R for i := and ie£, 

and i? is the ideal of (A, q) generated by all the elements of the form 

[x, y\" — xy + yx + xyq — yxq — kxqy + kyqx 
= [x, yT - [x, y]e,k with x, y e C. (42) 

After the set J of indices is ordered, the k-vector space U := — is spanned by 
the following set of cosets of model monomials 



qxj 1 ■ ■ ■ Xj m + R, 
T := ^ Xi x ■ ■ ■ Xi t Xj qxj 1 ■ ■ ■ Xj m + i?, 
■ * * Xj H - R 



, Xi t , Xj , Xj ± , • ' • , %j m £ X j 

it > • • • > ii, 

jm > ' ' ' > jl > JO, 

t, to £ Z> 



by Proposition 15. II In this chapter we aim to prove that the spanning set T is 
a k-basis of the enveloping 6 "* 71 algebra ((U,q),i\ for the Lie algebra (£, [, ]), 

which is the extended 6- * 71 P-B-W Theorem. We will use four subsections to 
complete the proof of the extended 6- * 71 P-B-W Theorem. 
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6.1 (u,f)[ 6 ^-generators 

Recall that the ideal R of (A, q) is generated by all the elements of the form 
[x, y]~ — [x, y]e,k with x, y s X. Every generator [x, y)" — [x, y]6,k of the ideal R 
is a k-linear combination of the elements of the form 

[Xj s ,Xj s+1 ] — [Xj s , Xj a+1 \6,k — [Xj s , Xj s+1 ] — Xj s Xj s+1 + 

~^~ X js + l X js + _ X js + l X js<l ~ ^ X js^ X js + l + kXja + lQZjs-l 

where Xj s , £j s+1 G X. This property and Proposition 13.21 imply the following 

Proposition 6.1 Every element of the ideal R is a k-linear combination of the 
elements of the form 

H u<v : = (xj 1 ■■■Xj t q Xj t+1 ■ ■ ■ Xj B _ 1 ) \[xj s , Xj s+1 ] — [xj s ,Xj s+1 ]s,k) 

'( X js + 2 ' ' ' X jrQ X jr + 1 ' ' ' X jm )l 

where { Xj t , ■ • • , Xj m } C X , m > 2 and u, v = 0, 1. 

Proof Since Xj 1 ■ ■ ■ xj t q u Xj t+1 ■ ■ ■ Xj s _ 1 or Xj s+2 ■ ■ ■ Xj r q v Xj r+1 ■ ■ ■ xj m can repre- 
sent any element of the k-basis S of the vector space (^4, q), this proposition is 
clear. 

□ 

The element H UjV in Proposition ^. H is called a (u, v)[ 6 ~*' l l-generator. Aq(B 
Ai does not contain any (u, u)[ 6_t/l l-generator because the X-degrees of some 
terms in a (u, w)[ 6_ *' i l-generator H UiV are 2. Using the property of the idempo- 
tent q, we can rewrite H u . v as follows: 

-ffoo = Xj 1 ■ ■ ■ Xj s l (\xj s , xj s+1 ] ) xj s+2 ■ ■ ■ Xj m + 



H, 



oo 



-1 ( X js X js + l) ■ 



'Js + 2 



(2) 



' X js-1 (%js£js+lQ) Xjs + 2 



-1 { X js + l X js'l) Xjs + 2 



-"oo 

—kxj 1 ■ ■ ■ Xj s _ 1 (xj s qXj s+1 ^) Xj B+2 ■ ■ ■ Xj m + 
-°oo 

+kxj 1 ■ ■ • Xj B _ 1 (xj s+1 qxj s ^ Xj B+2 ■ ■ •Xj m , (43) 

H (V 
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-fflO — Hll — X jl ' ' ' X j t Q X jt+l ' ' ' X je-1 {[ X 3s ' X js + l] ) + 2 ' ' ' X jm + 



A: • • • Xj t qxj 



L ' ' X js-1 { X js X js + l) X js + 2 ' ' ' X jm + 



(2) 



+kxj 1 ■ ■ ■ Xj t qxj 



H 



i ' ' X 3e-1 { X js + l X js) X j s J, 



H 



(3) 



and 



J') 



(i) 



H, 



' X jl ' ' ' X js-1 \ X js X js + l) X js + 2 ' ' ' X j r Q X jr 



+ Xj 1 ■ ■ ■ Xj s _ 1 \Xj s+1 Xj s j Xj e+2 ■ ■ ■ Xj r qxj r 



+ Xj 1 ■ ■ ■ Xj e _ 1 {xj a Xj s+1 q) Xj s+2 ■ ■ ■ Xj r Xj r+1 ■ ■ ■ Xj m + 



11 n 



' X jl ' ' ' X 3e-1 { X js+l X jsQ) X js + 2 ' ' ' X jr X 3r+l ' ' ' X 3m + 



1± r\ 



kxj 1 ■ ■ ■ Xj s _ 1 (xj s qxj s+1 s ) Xj s+2 ■ ■ ■ Xj r 



■ x i m + 



H, 



(6) 



+kxj 1 ■ ■ ■ Xj s _ 1 (xj s+1 qxj s ^ Xj s+2 ■ ■ ■ Xj r 



b Jr + l ■''Jm ' 



H, 



(7) 



The extended 6 "" 1 P-B-W theorem is a corollary of the following 
Proposition 6.2 Let W be a k-vector space with a basis 



Q x ji ' ' ' x j m , 

1 . — \ Xi 1 • • ' Xi t Xj o qXj 1 ' • ' Xj m , 

X f -. ' ' ' X 7 



, Xi t , Xj , Xj 1 , ■ ■ ■ 



Xj m } c X, 



{ Xi 1 , ' 

it > ■ ■ ■ > h, j m > ■ ■ ■ > ji > jo, 
t, m e 2> a 



where x 3l ■ ■ ■ x 3m := 1 for m = 0, x^ ■ ■ ■ Xi t Xj := x 3o for t = and ql : 
There exists a k-linear map a : (A, q) — > W such that 

cr(i) = i, a(q) = q, o-(qx h ■■■x jm ) = qx n ■ ■ ■ x jm , 
o~( x ii ' ' ' x% t Xj^ qXj 1 ' ' ' Xj m ) — • • • Xi t Xjg qXj 1 • • • Xj m , 
c(xj 1 ■ ■ ■ Xj m ) = xj 1 ■ ■ ■ Xj m 
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and 

c(i?u,u) = for all (u,v)^~ th ^ -generators H u>v , (47) 
where x n , • • • ,x it ,Xj ,x h , ■ --,x jm € X, i t > ■ ■ ■ > i lr j m > ■ ■ ■ > j x > j and 

t, me z> Q . 

For convenience, we now define nice maps which will be used to split the 
proof of Proposition 16.21 into three steps. Let N be a subspace of (A, q). A 
k-linear map a : N —> W is said to be nice if a satisfies and (|4T|) for all 
model monomials in N and for all (u, u)[ 6_t/l l-generators in N. 

Recall that 

m+l 

(A,q)= A m , and 4=0^"'), 

m(!2>o t— 

where 

A m : = i/ie subspace spanned by all monomials whose 
X -degrees are m, 

and 

^m™ ^ : — the subspace spanned by all monomials whose 

X -degrees are m and whose q-degrees are (t, m — t). 

Since the set 

{ 1, q, qxj, xjq, ij \ xj £1} (48) 
is a basis of Aq © At, we can define a k-linear map a : Aq © At —> W by 

= 1) cr (?) = 9> = ?*j> = CT (%) = *j 

for Xj G X. The k-linear map a : Aq At W is clearly nice because Aq © At 
does not contain any (u, w)^ - " 1 ' -generator and the set (|48[) is the set of all model 
monomials in Aq © A\ . This proves that 

there exists a nice k-linear map a : Aq ffi A\ — > W. (49) 

We are going to use the remaining three subsections of this section to extend 
the nice k-linear map in (|4"9")l to a nice k-linear map a : (A, q) — > W . 

6.2 Step 1 

The goal of Step 1 is to prove the following fact. 
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Fact 1: For m E 2>2, a nice \t-linear map 



m — l 



a : Ai -> W 



(50) 



can be extended to a nice k-linear map 



\i=0 / \i=0 / 



W. 



(51) 



We begin the proof of Fact 1 by introducing the central index of a mono- 
mial whose X-degree is at least 2. If m G Z>%, we define the central index 

ind c (x jl ■ ■ ■ x jt qx n+1 ■ ■ ■ x 3m ) by 



ind c (xj 1 ■ ■ ■ Xj t qxj t+1 ■ ■ ■ Xj m ) :— < 



in > /c > z > 1 

X] Vik 

k rn>k>i>t 



if t = 



if i > 1. 



Let -B< 3 n be the subspace spanned by all monomials whose X-degrees are m 
with m £ -Z>2, whose g-degrees are (t, m — t) with 2 > i > 0, and whose central 
indices are n. Then we have 



0i(»,m-») _ £T\ n<3 
m — Vl7 D m,n- 

i— n£i^>o 



(52) 



Note that every monomial in -B^ 3 is a model monomial. Hence, if we define 



for Xj^Xj qxj e+x+1 • ■ • Xj m € B^ 3 with e, A = 0, 1, then the nice k-linear map 
in ([5Uf is extended to a k-linear map 



(53) 



and the k-linear map in (|55j) satisfies (|46p for all model monomials in the snb- 



^ m — 1 



space |^0 Aij 0B< 3 „. Since every (tt, u)[ 6_t/l ]-generator in |^0 At J 05, 

m — 1 

is in Ai, the k-linear map in (|53[) is nice. In other words, we have 

m— 1 

/or to G 2>2,, a ^ce k-linear map a : Ai ^ W can be extended 



<3 
m,0 



i=0 



t=0 



20 



to a nice 



( m - 1 . \ 

k-linear map a : (J) AA B< 3 Q -> W. 



(54) 



We now prove that 

Fact 2: For m G Z>2 and n G Z>\ , a nice k.-linear map 



/ro-l \ (n-\ 

© ©$& 



(55) 



\ i=0 / \i=0 / 

con be extended to a nice h-linear map 



- ©^ © ©#5 

\<=o / \i=0 / 



W. 



(56) 



Note that the set Si U 5*2 is a basis of the vector space B< 3 n , where 



Xj x , ■ ■ ■ , Xj m G X , 
ind c (qxj 1 ■ ■ ■ Xj m ) = 



and 



S 2 := 



Si := <^ gsjj • 



, Xj m G X, 

ITIcIiq (^X j X j QX j e * " ^ J m ) — — ^ 5 

e = 0, 1 



Using the basis Si U S 2 of the vector space B< 3 n , we define a k- linear map 

a : B< 3 n — >• W as follows. For qxj 1 ■ ■ ■Xj rn G Si, there exists an integer s such 
that m>s + l>s>l and j' s > in which case, we dehne 



o~iqXj 1 ■ ■ ■ Xj s l ■ x s Xj s+1 ■ Xj s+2 ■ ■ ■ Xj n 

— 0"^ qXj 1 ■ ■ ■ Xj B _ 1 ■ [x s , Xj 3 + 1 ] ■ Xj 3+2 ■ ■ ■ Xj m J + 

mil 

157J 2 



(57) 



For Xj e Xj e+1 qxj e+2 ■•■%j m G S2 with e = 0, 1, we have either j e+ i > j e+2 or 
je+2 > je+i- If ie+i > Je+2, we define 



o~\ Xj^ ■ Xj €+1 qXj e+2 ■ Xj e+3 ■ ■ ■ Xj n 



fc a \ X U ' i X 3e + l J X 3e + 2i ' Q X Je + 3 ' ' ' X 3m j + 



~'~' J l ^Jt ' X 3<: + 2^ X jc + l ' X je + 3 ' ' ' X 3 m j > 



(58) 
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if j e+ 2 > je+i, there exists an integer s such that m>s + l>s>e + 2 and 
js > Js+i, in which case, we dchnc 

cr ( x j e x jt+iQ x jt+2 ' ' ' ' x js x j s +i ' x j s +2 ' ' ' ^imj • 



r( 



X j e X je + lQ X j t + 2 ' ' ' X js-1 ' F'js ' ^js + lJ ' 2 'is + 2 ' ' ' X jr, 



Since 
and 



"'~ <J ( X j e X 3e+lQ X 3e+2 ' ' ' ' X js + l X js ' ^js + 2 ' ' ' X 3m ) • (^9) 
VV v 

degxj^i) = degx($5Bi) = deg x (§Mi) = m - 1< m 



m^f(|57])9) = mcU ([55j)9l = ind c «J5Sj2) = n - 1< n, 

each of the right hand sides of (|57|) . and (j59")) makes sense by using the 
k-linear map a in (|55[) . 

Although ([58)) is well-dehned, we need to prove that both (|57|) and (|59|) are 
well defined. We shall just prove that (|59|) is well defined because a similar 
argument can be used to prove that (|57j) is also well defined. 

Suppose that there exists another pair (jt,jt+i) in (|5§f such that m > t+1 > 
t > e + 2 and jt > jt+i- Using the pair (j t ,jt+i) and the definition given by 
(|59)l . we have 



1 X jt + 2 ' ' ' ^Jt-l ' X jt X jt + l ' • E jt + 2 



X j e X jn + lQ X je + 2 ' ' ' X jt-1 ' i-^it ! -^jt + lJ ' X jt + 2 



ll 

^ <T ( ^ie^ie+l?* C ie+2 ' ' ' ' X jt+l X jt ' X jt + 2 ' ' ' X jm ^ 1 (60) 

One can prove that 

the right hand side of (f59|) = the right hand side of (|60|) . (61) 

Using (|57|) . (|58)l and (l59l) . the k-linear map in (|55)l can be extended to a 
k-linear map in (|56|) . To finish Step 1, we need only to prove that 

f CT : ® * ® ( ® ^™ 3 * } is a In-linear map which 



extends the nice \t-linear map in \55\) and satisfies J57| ), 

$58\) and i59\) . then a is nice. (62) 
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Note that any (u,v)^ 6 th ^ -generator ff^f satisfying 

^efe^efe^ (63) 



, i=0 / \j=0 



and 



(m-l \ /n-l \ 

)©(©$$) (64) 

is either a (1, 0)' 6_ " t l-generator or a (0, l)[ 6-tft, l-generator. 

Let H^ 3 be a (1, 0) [6 ~ t,ll -generator satisfying ||531) and ((Ml)- Then we have 

-^10 ~ %j e Xj (!+1 qXj e+2 Xj e+3 ■ ■ ■ £j s _ 1 ■ [xj s , Xj s+1 ] ■ xj s+2 ■ ■ ■ Xj m + 



-"10,1 



^ X j € X je+l9 X je + 2 X je + 3 ' ' ' X js - 1 i X j s X js + 1 ) X js + 2 



H <3 
10,2 



+fc Xj t Xj c+1 qXj e+2 Xj €+3 ■ ■ ■ Xj e _ 1 (xj s+1 Xj s )xj s+2 ■ ■ ■ ij m 

j 

V 

"10,3 

by (|44p . where j s 7^ and x e ^Xj t+i maybe disappear. Without losing the 
generality, we can assume that j s > j s +i- Hence, indc^H^f^j = n. If j e +2 > 
j t+ i or i^a; j8+1 disappears, then a(^H^ 3 ^j = by ([55]) or {57}. If j e+ i > j e+2 , 
then ([58| can be used to rewrite H^q as follows: 

^{^W J = a ( X j c (%e + l 9^^ + 2)^5 + 3 ' ' ' X js-1 ' \ X js 1 X js + l\ ' X ja + 2 ' ' ' X jm ^ + 

^10,1 

— a ( X j e [ X je+1 ) ^^+2] Q X je+3 ' ' ' *^.7<s-l (%a%«+l)^js+2 ' ' ' %>7l ^ 

—ka(^Xj c Xj r+2 qXj r+1 Xj c+3 ■ ■ ■ Xj a _ 1 (xj a Xj g+1 )xj g+2 ■ ■ ■ Xj m j + 
+ ka(^Xj c (xj c+1 qXj c+2 )xj c+3 ■ ■ ■ Xj 3 _ 1 (xj g+1 Xj s )xj s+2 ■ ■ • Xj m ^. (65) 



Let 



^01 ~~ X j e ' i X je + l ' X jt + 2\ ' Q X j, + 3 ' ' ' X js-1 ' [ X js 1 X js+l\ ' X js + 2 ' ' ' X jm 



-k Xj^ {xj e+1 qXj e+2 )xj e+3 ■ ■ ■Xj s _ 1 ■ [xj s , Xj s+1 ] 



H <3 

-"10,1 



~l~ k X j e { X je + 2Q X je + l ) X je + 3 ' ' ' X js-1 ' [ X j s J ^js + l] ' X js + 2 ' ' ' X jm (66) 
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and 



■^01 X j e ' ' X ji + 2\ ' Q X je+3 ' ' ' X js-1 ( X js + l X js ) X ja + 2 ' ' ' "I" 

~k x j t {xj c+1 qXj c+2 )Xj e+3 ■ ■ ■ Xj s _ 1 (x j s+1 £j s )xj s+2 ■ ■ -Xj m + 



+ kXj e {xj c+2 qxj c+1 )xj c+3 ■ ■ ' Xj s _ 1 (xj s+1 Xj s )xj s+2 ■ ■ -Xj m (67) 
Then H' m is a linear combination of (0, l)[ 6_ *' t ]-generators and Hq\ is a (0, l)! 6- " 1 !- 



m — 1 



generator. Clearly, H' ol 6 Ai. Since j s > j s+ i and ind c \jfl 

i=0 

/m— 1 \ /n-1 \ 

znrf c (^ 1 < 3 3 ) = n - 1. Thus, ifgi € ii J © © B<* t . Using the nice 



\i=0 



k- linear map in (|55[) , we get 

0"(#oi)=O and 0-^01) =0. (68) 
It follows from flBBJ}, fl§7|) and <J6S]) that 



-"10,1 



and 



^, <T (^Je fe'e+l ' ^€ + 2] Q X j, + 3 ' ' ' X js-1 ' [ X js ) X js + l] ' ^Js + 2 ' ' ' ^jm) + 

+ a(^Xj^(xj e+2 qxj i!+1 )xj e+a •■■Xj a _ 1 ■ [xj 3 , Xj 3+1 ] ■ xj g+2 •••Xj m ^ (69) 

cm ij c Q x j e+2 )xj e+3 ■ ■ ■ Xj t _ 1 {xj t+1 Xj s )xj s+2 ■ ■ ■ Xj m J 
Vv . 

zj<3 
n 10,3 

= H' 7 ^^ [ X 3c+1 ' X je + 2] ?%e+3 ' ' ' ^Js-l (^ia+l^Js )^j»+2 ' ' " ^jm J + 



"I" 17 f-^J. (^jj + 2 Q X je+l ) X je+3 ' ' ' ^Js - 1 O^'s+l X ja ) ^js+2 ' ' ' X jm ^ - (^) 

Bv ([69 ]) and ([70 ]) . (|65 j) becomes 

EBi 
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+ 2 ( ? a 'i£+l J^ie + S ' ' ' X js-1 ' l X js J X js + l\ ' ^'3 + 2 ' ' ' X jn 



I2B2 

' C7 (%£ [ X je + 1 1 2 'i e + 2] Q X je + 3 ' ' ' (%s^Js+l )^Js + 2 ' ' ' ^imj + 

S / 

^ <7 (% 5 :Z; je + 2'? :Z; j e + l'^it + 3 ' ' ' (%s%a + l)%s + 2 ' ' ' ^ + 

V « ' 

HIJ4 

' f7 (%£ ["^Je+l ' X je + 2\ Q X je + 3 ' ' ' X j s - l( X j s + l X j s) X j s + 2 ' ' ' ^Jm ^ + 



EQ 5 

+ /C(T (^£j e ( X j e + 2 Q X j, + l ) X je + 3 ' ' ' X js-1 i X js+l X js ) X js + 2 ' ' ' X jm ^ ■ (^l) 
S , ' 

Note that 

CSh - (EDS + CLQis 

= fecr (l,0)[ 6 ~ t ' 1 ] -aerator m ijj = (72) 

and 

GD2-CD4 + GD6 (73) 
= a(a {1, 0)1^ -generator m ( i, ) ( 0B<^ j j = 0. 



It follows from ((7TJ) , (J72J) and ([721) that 

If Hy^ is a (1, 0)^ 6 ~ th ^ -generator satisfying i TTj^)) and 

dH, then d^ 3 ) = 0. (74) 

Let i/^ 3 be a (0, l)l 6_t,l ]-generator satisfying (|63|) and (l64l) . then we have 

H 01 — [xj 1 , Xj 2 ] ■ qxj 3 ■ ■ ■ Xj m + 

—k(xj 1 qXj 2 )xj 3 ■ ■ ■ Xj m + k(xj 2 qxj 1 )xj 3 ■ ■ ■ Xj m 

by gSJ), where j x ^ j 2 . Clearly, (t(h^) = by (J5SJ. This proves that 

If is a (0, l)! 6- *' 1 ! -generator satisfying i63\) and 

(El, then cr(tf< 3 ) = 0. (75) 

By d7J) and {5SJ holds. Using {52]), ([53 )1 and ([55 ]) . the nice k-linear 

map in (|50[) can be extended a nice k-linear map in (1511) . This completes Step 
1. 
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6.3 Step 2 

The goal of Step 2 is to prove the following fact. 

Fact 3: For m G and m > t > 3, a race k.-linear map 



(0^)0(0^^) (76) 
can 6e extended to a nice k-linear map 

^(0^)0(0^-^^ (77) 

Let C~ t n be the subspace spanned by all monomials whose X-degrees are 
m with m G 2>2, whose g-degrees are (t, m — t) with m > t > 3, and whose left 
indices are n. Then we have 

i&m-t) = Q ^3 )n< (78) 

First, we prove that 

For m G ,2>3 and m > i > 3 7 i/ie nice k-Zinear map a 
in J76p can 6e extended to a nice V.-linear map 

- ■■ (0 ^) (0 ^ m " 4) ) ^ ,0 -> W- (79) 
By the definition of C~ t , we know that 



•Eji ' ' ' X jt-l x jtQ- X jt+l ' ' ' -^Jfi 



Xjj , ■ ■ ■ , Xj m G -A, 

Jt-1 >■■■>]! 



is a basis of C~ t . Let C~ t , n the subspace spanned by all monomials 
whose X-degrees are m with m G i?>3, whose g-degrees are (i, m — t) with 
m > t > 3, whose left indices are 0, and whose central indices are n. Then we 
have 

Qn,t,o = ^m,t,o,n- (80) 

n£.H>o 

Note that every monomial in C^ t is a model monomial. Hence, if we 
define 

®( X jl ' ' ' X jt-l X jtQ X jt + l ' ' ' X jm) ■ X jl ' ' ' X jt-l X jtQ X jt + l ' ' ' X jm 
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for stj 1 ■ ■ ■ Xj t _ 1 Xj t q£j t+1 ■ ■ ■ Xj m G C^t o 01 then the nice k-linear map a in (|76l) 
can be extended to a nice k-linear map 

- ■■ ("0 A (0 A% m -A ^ 3 t , , -> (81) 



is 



Since every («, «)[ 6 -*"]- ge nerator in ^0 (^A% m ~A ®C^% ofi 
in ^0 lA ^0 i^ m_i ^ , the k-linear map in JglJ is nice. Thus, we get 

For m G 2>3 and m > t > 3, i/ie nice k-Zznear map <r 
in J76p can 6e extended to a nice k-linear map 

- ■ (0 ^) (0 ') <5£U<> w. (82) 

We now prove that 

For m G Z>3 and n G 2>i, a nice k-linear map 

(m-1 \ / t_1 \ /n-1 \ 

M i<T^ ^ (83) 

i=0 ) \i=0 / \i=0 / 

can be extended to a nice k-linear map 
- : f A ) ( ^ m -' ;) ) f -+ W. (84) 

\ 1=0 / \i=0 / \i=0 / 

Clearly, the set S n defined by 

it-i > • • • > Ji, m > i > 3 
ind c (ij 1 ■ ■ ■ Xj t _ 1 Xj t qXj t+1 ■ ■ ■ Xj m ) = n 

is a basis of C~ t n . For Xj 1 ■ ■ ■ Xj t l Xj t qxj t+1 ■ ■ ■ Xj m G S n , we have either 
jt > jt+i or jt+i > j t . If jt > jt+i, we define 

trfxjj • • • Xj t _ 1 Xj t qXj t+1 Xj t+2 ■ ■ ■ Xj m ^j 
:= — g^-Cj! ■ ■ ■ &j t _ 1 ■ [xj t , Xj t+1 ] ■ qxj t+2 ■ ■ -Xj m ^ + 



~' rT \ %l ' ' ' Z'jt-X&jt+I Q%3t &jt+2 ' ' ' %m ) ' (^5) 

J85j 2 
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If jt+i > jti there exists an integer s such that m>s + l>s>t + 2 and 
js > js+i, in which case, we define 



(x(xj 1 ■ ■ ■ £j t _ 1 Xj t qxj t+1 ■ ■ ■ Xj 3 _ 1 ■ Xj s x.j s+1 ■ Xj s+2 ■ ■ ■ x- 
— (j^ Xj 1 ■ ■ ■ Xj t l Xj t qxj t+1 ■ ■ ■ £j s _ 1 ■ [xj g , Xj g+1 ] ■ Xj s+2 ■ ■ ■ Xj n 



+cr^ Xj 1 ■ ■ ■ Xj t _ 1 Xj t qXj t+1 ■ ■ ■ Xj a _ 1 ■ Xj a+1 Xj 3 ■ Xj a+2 ■ ■ ■ Xj m ^ . (86) 

Since ®i, (JHSDi € 0™^^ and ©i> ®i e 3s?t,o,n-i> each of the ri S ht 
hand sides of (|85|l and (j56| makes sense by the k-linear map in It is clear 
that (|55|) is well-defined. Using the same proof as the one which proves that 
(|55|) is well-defined in Step 1, we get that is also well-defined. Hence, the 
nice k-linear map in (|83[) can be extended to a k-linear map in (|84|) , which is in 
fact nice by the same proof as the one of proving (fB"2l . 

By (HOI, © and (0, holds. Using and in order to 

finish Step 2, it is enough to prove that 

For m £ Z>3, m > t > 3 and n € -Z>i, a nice k-Zmear map 

: ^An-i ^ (87) 
can be extended to a nice k-linear map 

a : A& t>n W, (88) 

V i=0 / \i=0 / \i=0 / 

Note that A^ 3 t n = A^ t n _ t ® C^ 3 t n and the set S m ,t,n defined by 



c ji ' ' ' x jt-i x jt ax jt+i 



Xj 1 , . . . , Xj m G X, 



indg(xj 1 ■ ■ ■ Xj tl Xj t qXj t+1 ■ ■ ■ Xj m ) 



is a basis of C~ t n . For Xj 1 ■ ■ ■ Xj t _ 1 Xj t qXj t+1 • ■ • Xj m € Sro,t,n> there exists s 
such that t — 1>s + 1>s>1 and j s > j s +i- Using the pair (j s ,j s+ i), we 
define 



o~(xj 1 ■ ■ ■ xj s l ■ Xj s Xj s+1 ■ Xj s+2 ■ ■ ■ Xj t _ 1 Xj t qXj t+1 -Xj 

X 0X ' ' ' X js-1 ' [ X js > -^js + l] ' X js + 2 ' ' ' X jt-l X jtQ X jt + l ' ' ' X j 



cryXj 1 ■ ■ • Xj a _ 1 ■ (xj a+1 Xj s ) ■ £j g+2 ■ ■ ■ Xj t l Xj t qXj t+1 ■ ■ -Xj m ^ 4 



2N 



+<t( Xj 1 ■ ■ ■ Xj e _ 1 ■ (xj s Xj s+1 q) ■ Xj s+2 ■ ■ ■ Xj t _ 1 Xj t Xj t+1 
^ , 



a(^Xj 1 ■ ■ ■Xj s _ 1 ■ (xj s+1 Xj s q) ■ Xj 



• •• - 



+ 2 X jt-l X jt X jt + l ' ' ' ^Jtl 



+ fcer^ijj • • ■ Xj s _ 1 ■ (xj s+1 qxj s ) ■ Xj s+2 ■ ■ ■ Xj t _ 1 xj t Xj t+1 ■ ■ ■ Xj m ^j. (89) 



Since degx (flSSh) = m-1, inde (flEUb) = n-1, dec/g (flHib) = de 5 «j (d89j) 4 ) = 
s + 1 < f and degq ((f89]k) = cfegg (<[89"]>«) = s < t, each of the six terms on the 
right hand side of makes sense by ([57]) . 

One can prove that the right hand side of is well-defined. Hence, we 
have extended the nice k-linear map in (l87l) to a k-linear map in (|88l) satisfying 
(|89|). The remaining part of .Step 2 is to prove that the extended k-linear map 
in dm satisfying (|89|) is nice. 

By (g3j, (gU and (gSj, if a (it, w) [6 - t/ll -generator H u . v satisfies 

H u ,v G ^m,t,n = I h J I A^l ■* J I Cm,t,i J 



\i=0 / \i=0 



and 



^ ^ J J ^ ( ^ ^m™ ^ J I (J^ ^m,t,i J > 

i=0 / \i=0 / \i=0 I 

then (u,v) = (1,0) or (0,1). Clearly, we have 

#o,i 6 A%% n \ Al\ n ^ => ff (ff ,i) = (90) 

by ill). 

If f/i.o S A^ 3 f n \ A^ 3 t Jl _ 1 , then iii.o can be written as 

X jl ' ' ' X jr-1 ( X jr X jr+l) X jr + 2 ' ' ' X jt ( l X jt+l ' ' ' X js-1 \ X j s 1 X js + l\ X js + 2 ' ' ' X jm 

—kij 1 ■ ■ ■ Xj r _ 1 (xj r Xj r+1 )xj r+2 ■ ■ ■ Xj t qxj t+1 ■ ■ ■ Xj s _ 1 (xj s Xj s+1 )xj s+2 ■ ■ -Xj m + 

-\-kxj 1 ■ ■ ■ Xj r ._ 1 {xj T Xj r , +1 )Xj T+2 ■ ■ ■ Xj t q£j t+1 ■ ■ ■ Xj s _ 1 (xj s+1 Xj s )xj s+2 ■ ■ ■ Xj m 

by (pHl) . where < r < r + 1 < t, j r > j r +i and each of the three terms above 
has the left index n. Applying to each of the three terms above, we get 

<r(H lt0 ) = 
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'( 



X 3l ''' X 3r-1 ' l X 3r' X jr + l\ ' X 3r + 2 ' ' ' X jt Q X 3t + 1 ' ' " X 3 s - 1 i X js > X 3a+1 \ X 3s + 2 " ' X 3n 



JEQl.l 

-\-ayij 1 ■ ■ -Xj t — li x j r +l x jr) X jr+2 ' ' ' X 3tQ x 3t + l ' ' ' X 3s - 1 1 X 3b ' x 3s + l 1 X 3s + 2 '"^Jmj "I" 
S ' 

Ell, 2 

+ cr^£j 1 ■ ■ ■ Xj r l (xj r Xj r+1 q)xj r+2 ■ ■ ■ Xj t qXj t+1 ■ ■ ■ %j 3 _ 1 [xj B , Xj s + 1 ] Xj s+2 ■ ■ ■ Xj m ^j + 
v » ' 

cr ' ' ' x j r -i ( X 3r + 1 X 3r'l) X 3r+2 ' ' ' X 3t X 3t + l ' ' ' X ls-1 \- X 3s > X Js + l] X 3s + 2 ' ' ' X 3m ^ + 
' v ' 

G2h,4 

—k<j(xj 1 x j r l (£j r qXj r + 1 )xj r+2 Xj t £j t + 1 x j B — \ [ x 3s I x 3s + l\ X 3s + 2 "' X 3rn \ 

" v ' 

EJl,5 

-\-k (T^Xj 1 ■ ■ ■ Xj r _ 1 (Xj r+i q~Xj r )Xj r+2 ■ ■ ■ Xj t Xj t + 1 ■ ■ • Xj a _ 1 [ X i s 1 X js + x\ X 3s + 2 "' x im \ 

v V ' 

inji.6 

-k cr^Xj 1 ■ ■ ■ Xj T _ 1 ■ [xj r , Xj r+1 ] ■ Xj r+2 ■ ■ ■ Xj t qXj t+1 ■ ■ ■ Xj s _ ± (xj B Xj s + 1 )xj s+2 ■ ■ ■ Xj m ^j + 

V v ' 

Eki 

— kcr^Xj 1 ■ ■ ■ Xj r _ 1 (xj r+1 Xj r )xj r+2 ■ ■ ■ £j t qxj t+1 ■ ■ ■ Xj s _ 1 (xj B Xj s+1 )xj s+2 ■ ■ -Xj m ^j + 

02)2,2 

ka^£j 1 x j r _ 1 (xj r Xj r+1 q)xj r+2 ■ ■ ■ Xj t Xj t+1 x j s _ 1 (xj B Xj s+1 )xj s+2 •••% ln ^ + 



~\~k a(xj 1 ■ ■ ■ Xj r _ 1 (xj r+1 Xj r q)xj r+2 ■ ■ -Xj t Xj t+1 ■ ■ ■ Xj s _ 1 (xj s Xj s+1 )xj g+2 ■ ■ •Xj m ^ + 

V v ' 

+fc a(^Xj 1 Xj q — 1 (xj r qXj r+1 )xj r+2 ■■■Xj t Xj t+1 ■ ■ ■ Xj s _ 1 (xj s Xj s+1 )xj s+2 ••■Xj m *j + 

\ / 

C2J2,5 

k <r^Xj 1 ■ ■ ■ Xj r _ 1 (xj r+1 qXj r )xj r+2 ■ ■ ■ Xj t Xj t+1 ■ ■ ■ Xj s _ 1 (xj s Xj s+1 )xj s+2 ■ ■ ■ Xj m ^j + 

\ J 

1D2,6 

+ fc a ^Xj 1 ■ ■ ■ Xj r _ 1 ■ [xj T , Xj r+1 ] ■ Xj r+2 ■ ■ ■ Xj t qXj t+1 ■ ■ ■ Xj s _ 1 (Xj s+1 Xj s )xj s+2 ■ ■ ■ Xj m ^ + 

j9T} 3 ,i 

+ fc cr^Xj 1 ■ ■ ■ Xj r _ 1 (xj r+1 Xj r )xj r+2 ■■■Xj t qXj t+1 x j„_i ( x i s -f-i x j B ) x 3s+ 2 '"^jmj "t" 

V v ' 

Mir, 2 
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J9T} 3 ,3 






' ^Ji — 1 \ X jr+l X 3r'l) X 3r+2 ' ' 


' x h x 3t+i 


' ' x 3s-l( X 3s + l X 3s) X 3 s + 2 '"^jmj 






J9T} 3 ,4 




-k 2 a(x J1 ■ 


— 1 (^Jr9% r+1 )^j r +2 


x h x 3t+i 


(^Js + l^is )^j a + 2 ' ' ' X 3m^j 



IBs, 5 

+ k a ^Xj ± ■ ■ ■ Xj rl (xj r+1 qxj r )xj r+2 ■ ■ ■ x lt ■ ■ ■ Xj s _ 1 (xj s+1 Xj s )xj s+2 ■ ■ ■ £j m ^ . (91) 

V v ' 

Eke 

The sum j9T))i - $T§ 2 ,i + ©3,* for 6 > i > 1 is the image of a (1, 0)[ 6 - f ^- 
generator in A~ 3 4 n _ 1 under the nice k-linear map in (|571) . Hence, we have 



(EE]) M - (ELK* + (ELKi = for 6 > i > 1, 
which implies that 

a(H h0 )=0 ffi,o6^ iB \^l._i ( 92 ) 



by (|9T|> . It follows from (|90[) and (|92|) that the extended k-linear map in 
satisfying ([89]) is nice. 



This completes Step 2. 
6.4 Step 3 

The goal of Step 3 is to prove the following fact. 

Fact 4: For m G 2>2, a nice k-linear map 

Cm— 1 \ / m \ 

A (0 4 ™ m_i) J w ( 93 ) 

can be extended to a nice It-linear map 

(in — 1 \ /m+1 \ m 

i A ^ l) = ii ^ ^ (94) 

i=0 / V i=0 / i=0 

Recall that 

= A^-'\ (95) 

i£Z> 
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where A^f 1 ' ^ is the subspace spanned by all monomials whose X-degrees 
are m, whose g-degrees are (m + 1, —1), and whose right indices are i. 

First, we define 

a (% • • -x jm ) := x jt ■ ■ -Xj m for j m > ■ ■ ■ > j x . (96) 

Since 

{ X jl • - ' X j m I X h > ' ' ' ' X 3m G X and Jm > ■ ■ ■ > 3l } 

is a basis of A^ 1 ,^ 1 ' (|96|) extends the nice k-linear map in (|93|) to a k-linear 
map 

o : i m -i, m , m 4 r " +1 ' _1) "> ^ (97) 

All (u,v) [e ~ th] -generator in A„_i, m , m A^ 1 ' _1) must be in A m _i, ro , m 
by (g3]), 611) and (gS]). Hence, the k-linear map in dHTJ) is nice. 

We now prove that 

Fact 5: For n G Z->\, a nice k-linear map 

a : i m -x, m , m ^0i(™ +1 -^ -> W (98) 
can fee extended to a nice k-linear map 

a : 4-i, m , m (© 4t +1 ' _1) ) ~> W 09) 

The set 

S n := { • • • ij m | Xj-j , • ■ ■ , Xj m G X and ind r (xj 1 ■ ■ ■ Xj m ) = n } 

is a basis of A^n 1 ' ■ For any ac^ • • • ij m G 5„ with n G -Z>i, there exists s 
such that m>s + l>s>l and j s > j s +\. Using the pair {j s -,j s +i), we define 



Ji 



X Js - 1 


■ Xj a Xj s + 1 ■ Xj s+2 


X J m ) 


X js-1 


[x s , Xj s+1 ] ■ Xj s+2 


X 3m 


X js- 


-l( X js + l X js) X js + 2 


■ X 3m) 


' ' x 3s- 


-l{ X 3s X js+lQ) X js + 2 ' 


X 3m 


X 3s- 


-1 ( X js + l X js'l) X js + 2 


X jm 


' ' ' X 3. 


1-1 ( X js <l X js + l ) X js + 2 


X jr 


' ' ' X j: 


i-1 (%>+l9% s ) X js+2 


' ' ' X jr 



+ka(x jl ■ ■■x js _ 1 (x ja+1 qx ja )x js+2 ■ (100) 
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Using the k- linear map in , each term on the right hand side of (|100p makes 
sense. By the same proof as the one of proving that (|89|) is well-defined in Step 
2, we know that (jlOOp is well-defined. Thus, we get a k- linear map in 
If a (u, w)[ 6_ *' l ]-generator H UtV satisfies 

H u>v e A m _ hmim f l^ 1 '" 1 ^ (101) 

and 

\i=0 ) 

then (u,v) = (0,0) by (|35]). (gU) and (|35]l. It is also clear that if ff 00 satisfies 
(fTUTj) and (Hn2), then cr(# o) = by (TTUOj) . Hence, the k-linear map in 
which extends the k-linear map in (IM1) and satisfies (|100p . is nice. This fact 
and (|95| imply that the k-linear map in (|93|) can be extended to a nice k-linear 
map in (IM1) . Hence, .Step 5 is done. 

Using the facts proved in the three steps above, we can now prove Proposi- 
tion! 



By (|49[). there exists a nice k-linear map 

a : A © Ax -> W, (103) 
which can be extended to a nice k-linear map 

(m— 1 \ / m \ 

^ J (0 ^ ,m_i) J -»• ^ with m e z> 2 (104) 

by Siep 1 and 5iep 2. It follows from S^ep 5 that the nice k-linear map in (I104[) 
can be extended to a nice k-linear map 

m /m— 1 \ /m+1 \ 

ct : 4 = A A ^ ,m ~° -> ^ with m e z >2- 

i=0 \ i=0 / V i=0 / 

In other words, the nice k-linear map in (|103[) can be extended to a nice k-linear 

oo 

map a : (A,q) = A rn — > W. This proves that Proposition 16.21 is true. 

m=0 

The extended 6 -* 71 P-B-W Theorem is the following 

Proposition 6.3 (The Extended 6 " 1 P-B-W Theorem) Let C be a Lie 

/A \ 
algebra with a basis X := {xj \j € J}. If \IA := — , q := q + RJ is the 
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enveloping® th algebra for the Lie algebra C, then the following set of cosets of 
model monomials 



R. 



T := 



qXj 1 ■ ■ ■ Xj 

Xi 1 ' ' ' Xi t Xj QXj 1 • • • Xj 



'.71 



is a basis for the enveloping 6- ^ 



R, 



3m >->h> Jo, 
t, m e Z >Q 



ra (U,q)). 



ex, 



Proof By Proposition 16. 2[ there is a nice k-linear map a : {A,q) — > W. Thus, 
a(R) = 0. Hence, the nice k-linear map a : (A, q) — > W induces a k-linear map: 

a : U = — — > W . On one hand, the image of the cosets of model monomials 
R 

in T are linearly independent by ([4T>|) . On the other hand, the cosets of model 

monomials in T also span the vector space U = — . Hence, Proposition 16.31 

R 

holds. 

□ 



7 Hopf-like Algebras 

In this section, we discuss the Hopf-like algebra structure on the enveloping 6- *' 1 
algebra of a Lie algebra. 

Let (A, q) be an invariant algebra induced by the idempotent q. We define 
a product o in A := A by 

x o y :— yx for x, y G A. (105) 

Since 

(1 - q) o (1 - q) = (1 - q)(l - q) = 1 - 2q + q 2 = 1 - q 

and 

(1 — q) o x o (1 — q) = (1 — q)x(l — q) = x(l — q) = (1 — q) o x for x G A, 

(A, 1 — q) is an invariant algebra induced by the idempotent 1 — q, which is called 
the opposite ( right) invariant algebra of the invariant algebra (A,q). An 
invariant anti-homomorphism / of an invariant algebra (A, q) is an invariant 
homomorphism / : (A, q) —> (A, 1 — q). By (fTU)) , the square bracket [ , ]g k which 

defines the Lie algebra Lie((A, 1 — q), [, ]g is given by 

[x, y]g fc :— xoy — yox — xoyo(l — q) + yoxo{\— q)-\-kxo{\ — q)oy — kyo{\— q)ox 
or 

[x, y]g k = qyx — qxy + kyx — kyqx — kxy + kxqy, (106) 
where x, y G A — A. 



34 



Proposition 7.1 Let (u & th (L),qj be the enveloping® th algebra of a Lie al- 
gebra L. There exists a unique invariant anti-homomorphism S of 
(u 6 - th (L),q) such that S(q) = 1 - q and 



S(x) = ——x — kqx + —xq forx^L. (107) 
k k 

Proof It follows from the universal property of the enveloping 6 ~ t/l algebra. 

□ 

Let C be a vector space over a field k. The canonical map d-> l(g>c is denoted 
by C — > k ® C, and the canonical map c i-> c ® I is denoted by C — > C (8) k 
respectively, where c 6 C. 

We now introduce coalgebras with cr-counits in the following 

Definition 7.1 A vector space C over a field k is called a coalgebra with 

(7-counit if there exist three linear maps A : C ~ > C ® C , £ : C — >k and 
a : C — > C such that the diagram 

C®C 
id® A 



C 
A 

C®C 



c®c®c 



and the diagram 



k(g>C 
e®id 

C<E>C 



C 



C 



id® e 
C®C 



are commutative. The maps A and e are called the comultiplication and the 
er-counit respectively. 



Clearly an ordinary counit is an zd-counit. Hence, an ordinary coalgebra is 
a coalgebra with i<i-counit. 

We now construct an algebra cndomorphism of an invariant algebra. 

Proposition 7.2 Let (A,q) be an invariant algebra. Lf a : (A,q) — > (A, q) is a 
linear map defined by 



a(a) := a + qa — aq for a G (A, q), 
then a has the following properties: 



(108) 



1. a 2 
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2. a is an invariant homomorphism; 

3. a — id is a derivation of (A, q) . 



Proof Let a and b be two elements of (A, q). Since 

a 2 (a) = a (a + qa — aq) 
= a + qa — aq + q(a + qa — aq) — (a + qa — aq)q 
= a + qa — aq + qa — qa = a + qa — aq = a(a), 

which proves the property 1. 

Similarly, both the property 2 and the property 3 hold. 



□ 



The following proposition proves that the enveloping 6 th algebra of a Lie 
algebra is a coalgebra with c-counit. 



'Ae al- 



Proposition 7.3 If (lJ & th (L),qj is the enveloping 6 th algebra of a li 

gebra L, then there exist two algebra homomorphisms e : U e ~ (L) — > k and 
A : U 6 - th (L) ->• U 6 ~ th {L) ® U 6 - th (L) such that 

A(q) = q®q, (109) 



A(x) = (x + kqx — xq) ® 1 + 1 ® (x + kqx — xq) + 

+(1 - k)qx <g> q + (1 - k)q <g> qx for x e L, (110) 

(id® A) A = (A® id) A, (111) 

e{q) = l, e(x)=0 forxeL, (112) 

(e <g> id)A(a) = 1 ® a (a) for a e U 6 - th (L), (113) 

and 

(id ® e)A(a) = a(a) ® 1 for a e U 6 - th (L), (114) 
where a is the linear map defined in Proposition \ 7. 2\ 



Proof Clearly, (u & th (L) ® C/ 6 th (L),q ® g^j is an invariant algebra induced 
by the idempotent q (£> q. First, we prove that the linear map 

A : L -> ize ^(t/ 6 -*' 1 ^) ® U 6 - th (L),q ® g) , [ , ] 6 , fc ^ (115) 

dchncd by (|1 10[) is a Lie algebra homomorphism. Let a; and y be elements of L. 



Regarding L as a subalgebra in Lie I U 6 th (L)®U 6 (L), q (g) q) , [ , ]6,fe I , we 
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have 

A([x,2/]) 

= ([x, y] + kq[x, y] - [x, y]q) ® 1 + 1 <g> ([x, y] + kq[x, y] - [x, y]q\ + 

+ (1 - k)q[x, y]®q+ (1 - k)q® q[x, y] 
= (xy — yx — xyq + yxq + k 2 qxy — k 2 qyx) ® 1 + 

+ 1 <E> (xy — yx — xyq + yxq + k 2 qxy — k 2 qyx) + 

+ (k — k 2 )(qxy — qyx) ® q + (k — k 2 )q ® (qxy — qyx). (H6) 

In the Lie algebra Lie((u 6 - th (L) ® U 6 ~ th (L), q®q),[, , we have 

[A(x),A(y)]a, fc = A(x)A(y) - A(y)A(x) + 

+(k - l)(g ® q) (A(x)A(y) - A(y)A(x)) . (117) 

Using the following fact: 

(a; + kqx — xq)(y + kqy — yq) = (xy + k 2 qxy — xyq), 

we get 

A(x)A(y) 

— (xy + k 2 qxy — xyq) ® 1 + (x + fcgx — xg) <g> (y + kqy — yg) + 
+(1 - k 2 )qxy ® g + (1 - £; 2 )g ® gxy + 

+ (y + &gy — yg) (x + &gx — .xg) +1 (xy + k 2 qxy — xyq) 

+ (1 — k 2 )qy ® + (1 — k 2 )qx (8> <7y (118) 

Note that the sum of the terms with the label * in (|1 18[) is symmetric in x 
and y. Hence, the terms with the label * disappear in the difference A(x)A(y) — 
A(y)A(x). Thus, (fTT5|) implies that 

A(x)A(y) ~ A(y)A(x) 
= (xy + k 2 qxy — xyq — yx — k 2 qyx + yxq) (g> 1 + 

+ (1 - k 2 )(qxy - qyx) ® g + (1 - /c 2 )g ® (gxy - gyre) + 

+1 ® (xy + k 2 qxy — xyq — yx — k 2 qyx + yxq). (H9) 

By |(T]]|, we get 

(«®?)(A(a>)A(t0 -A(»)A(a)) 
= (qxy — qyx) (g> q + q (qxy — qyx). (120) 
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Using (fTT^l) and (fT^D|) . (fTT7|> becomes 

[A(x),A(i/)] 6 ,fc 
= (x$/ + k 2 qxy — xyg — yx — k 2 qyx + yxq) ® 1 + 

+(fc — k 2 )(qxy — qyx) (g> q + (k — k 2 )q ® (gxy — <Z2A T ) + 

+1 ® (a;?/ + k 2 qxy — xyq — yx — k 2 qyx + yxg). (121) 

It follows from (1TT6| and (|T2T1) that 

A([x,y]) = [A(x),A(y)] 6 , fe forijeL, (122) 

which proves that the linear map A given by (jllOp is a Lie algebra homomor- 
phism. By the property of the enveloping 6 ~ th algebra U 6 ~~ th (L), the linear map 
A given by (II 10[) can be extended to an invariant homomorphism 

A : (lI 6 ~ th (L), q\ -)• (u*- th (L) ® U & - th (L), q®q\ 

Thus, A : U 6 - th (L) -> U 6 ~ th (L) ® U & - th (L) is an algebra homomorphism such 
that both (TlTOf and (fTT0|) hold. 

Next, we prove (|111[) which means that A is a comultiplication. Clearly, we 
have 

(id <g> A)A(l) = l<g>l(g)l = (A(g) id)A(l) (123) 

and 

(id ® A)A(q) = g®g®g=(A® id)A(q). (124) 
For ieL, we have 

(id <g) A)A(x) 

= (x + kqx - xq) <g> A(l) + 1 <g> (a(x) + kA(qx) - A(xg)J + 

+ (1 - fc)gx ® A(g) + (1 - fc)g ® A(qx). (125) 

Since 

A(gx) = (q <g> g)A(x) = A(x)(g <g> g) 
= A(xg) = qx ® q + q<g> qx 

and 

A(x) + feA(gx) - A(xq) = A(x) + (k - l)A(qx) 
= (x + kqx — xq) ® 1 + 1 ® (x + fcgx — xg), 

(|125|) becomes 

(id <g> A) A (x) 

= (x + fcgx — xq) (g)l(8)l + li8)(x + fcqx — xg) ® 1 + 
+1 €5 1 ® (x + kqx — xq) + (1 — fc)gx ® g ® g + 
+ (1 - k)q 2) qx ® g + (1 - fc)g <8> g ® gx. (126) 
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Similarly, we have 

(A <g id)A(x) 

= (A(x) + kA(qx) - A(xq)j ® 1 + A(l) ® (x + kqx - xq) + 
+ (1 - k)A(qx) g> q + (1 - fc)A(g) g> ga; 

= (a; + fcc/a; — xq) g>lg)l + lg)(2; + fcg£ — £<z) g> 1 + 
+1 g) 1 (g (a; + kqx — xq) + (1 — fc)qx + 
+(1 - k)q g> ga; (g> g + (1 - k)q <g q ® go;. (127) 

By (fT2l)|) and (TT2"?]) . we get 

(id® A)A(x) = (A<gud)A(x) for x <E L. (128) 

Since the algebra U 6 ~ th (L) is generated by the set {1, g}UL, holds by 

(fim (HH and ipg|l . 

We now construct the algebra homomorphism e : U 6 ~ th (L) —> k. Note that 
the identity 1 of the field k is an idempotent, and (k, 1) is an invariant algebra 

induced by the idempotent 1. If e : L — > Lie^(k, 1), [, ]e t kj is the linear map 

defined by 

e(x) := for x G L, 

then e clearly is a Lie algebra homomorphism. Hence, e can be extended to an 
invariant homomorphism e : ( U 6 ~ th (L), q ) — > (k, 1). Thus, (|112j) holds. 



□ 



Finally, both (I113[) and (|114l) follow from the definitions of e and A. 

If V and W are vector spaces over a field k, then the twist map 

r : V ®W W ®V 

is defined by t(v ® w) := w ® v, where v G V and w € W. 

First, we introduce the concept of a bialgebra with er-counit. 

Definition 7.2 A vector space H over a field k is called a bialgebra with 

er-counit if there exist five linear maps m : H g> H — » H , u : k — > H , A : H — > 
H (g> H , e : H — >• k and a : H — > H such that the following eight diagrams are 
commutative: 



• associativity 



H®H®H H®H 



id® m 
II II — ■ H 



39 



• unit 



k®H H®H H ®k 



H 



m 



H 



H 



• coassociativity 



H 
A 



H®H 
id® A 



H®H H®H®H 



• a-counit 



k®H 

£ ®id 

H®H A 

• A is an algebra homomorphism 

H®H 
A ® A 

H ® H ® H ® H 

H 
u 
I 

• e is an algebra homomorphism 

H®H ^ k®k 
m 



H 



H 



H®k 

id® £ 

H®H 



H®H 

m ® m 

H ® H ® H ® H 

H ® H 
u®u 
k® k 

H = H 



k = k 



The linear map e is called the c-counit. A bialgebra H with a-counit is also 
denoted by H( m ^ A ) if the five linear maps have to be indicated explicitly. 

Based on bialgebras with cr-counit, we now introduce Hopf-like algebras in 
the following 
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Definition 7.3 A bialgebra H = iJ( m ^ A ) with a-counit over a fteldk is called 
a Hopf-like algebra if there exists a linear map S : H — > H such that the 
following diagram is commutative: 



H 



H 



H 



H 



S®id 



H 



H 



H 



(129) 



The linear map S is called the antipode -like of the Hopf-like algebra H. 

The Hopf algebra structure of the ordinary enveloping algebra for a Lie 
algebra is generalized in the following 

Proposition 7.4 The enveloping G ~ th algebra U 6 ~ th (L) of a Lie algebra L is a 
Hopf-like algebra, where the comultiplication A, the a-counit e and the antipode- 
like S are given by Proposition \7.1\ and Proposition \7.2\ 

Proof It follows from Proposition [Tj] and Proposition [TjH that we need only to 
prove that the diagram in (|129[) is commutative, i.e. 



m(S ® id) A = ueS = m(id ® S)A. 

Let 1 be the identity of U 6 ~ th (L). Clearly, we have 

m{S ® irf)A(l) = 1 = ueS(l) = m{id ® S)A{1) 



and 



m(S ® id)A(q) = ueS(q) = m(id <g> S)A(q). 
For x 6 L, we have 

m(S ® id)A(x) 
= m(S ® id) | (x + kqx — xq) ® 1 + 1 ® (x + kqx — xq) + 

+(1 - k)qx ®q+(l-k)q® qx\ 

= S(x) + kS(x)S(q) — S(q)S(x) + (x + kqx — xq) + 
+(1 - k)S(x) S(q)q+(1 - k) S{q)qx 



(130) 

(131) 
(132) 



= — kqx + — xq +k ( — — x — kqx + — xq ] (1 — q) 

k k \ k k 



(1-9) 



•— X — /cgx + — xq I +x + fcgx — xq 
k k 
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— x — kqx + — xq ) + (—a; — k 2 qx + xq)(l — q) + x + fcga; — xq 



k k 
kqx — x(l — q) — k 2 qx(l — q) + xq(l — q) + x + /cga; — 



and 



(133) 



ueSix) = ue ( — i x — kqx + \xq I = u(0) = (134) 
k k 



m(id ® S)A(x) 
= m(id ® 5) | (a; + fcgx — xg) ® 1 + 1 £5 (x + fcga; — icg) + 

+ (1 - /c)qa; (g> q + (I - k)q (g> qx} 

= a; + /cgx — xq + S(x) + kS(x)S(q) — S(q)S(x) + 

+ (1 - k) qxS(q) +(1 - k) qS(qx) 

o o 
= 0. (135) 

By (|T33l) . (fl"34)) and (IT35)) . we get 

m(S®id)A(x) = ueS(x) = m(id<gi S)A(x) for x 6 i. (136) 

Since the algebra U e ~ th (L) is generated by the set {1, g}UL, (|130j) holds by 
(fT3T|) . (fT32]) and (fT36l> . 

□ 
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